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Abstract 

We construct a central extension of the smooth Deligne cohomology 
group of a compact oriented odd dimensional smooth manifold, generaliz- 
ing that of the loop group of the circle. While the central extension turns 
out to be trivial for a manifold of dimension 3, 7, 11, . . . , it is non-trivial 
for 1, 5, 9, ... . In the case where the central extension is non-trivial, we 
show an analogue of the Segal- Witten reciprocity law. 

1 Introduction 

The smooth Deligne cohomology 4 9*llll| of a smooth manifold X is denned to 
be the hypercohomology H q (X, Z(p)p ) of the complex of sheaves 

Z(p)g" : Z — >A° -^-> A 1 -^-> U AP- 1 — ► — ► • • • , 

where Z is the constant sheaf, located at degree 0, and A q is the sheaf of germs of 
M-valued differential q-forms. If X is compact, then we can identify the abelian 
group HP(X,Z(p)%) with {Ap- 1 (X)/Ap- 1 (X) z )xHP(X,Z) by a non-canonical 
isomorphism, where A P ^ 1 (X) is the group of (p— l)-forms on X, and A p ^ 1 (X)z 
is the subgroup consisting of closed integral (p — l)-forms. 

Heuristically, we can interpret H n+2 (X, Z(n + 2)g") as the group classifying 
"abelian n-gerbes with connection on X." Besides the interpretation, we can 
also interpret H n+1 (X,Z(n + 1)^) as the "gauge transformation group of an 
abelian n-gerbe on X." For example, if n = 0, then H 1 (X, Z(l)g') is naturally 
isomorphic to the group C°° (X, T) of smooth functions on X with values in 
the unit circle T = {u E C| |u| = 1}. The group is nothing but the gauge 
transformation group of a principal T-bundle (0-gerbe) over X. 

Gauge transformation groups of principal bundles are fundamental ingredi- 
ents not only in mathematics but also in physics. Hence it would be meaningful 
to study smooth Deligne cohomology groups as gauge transformation groups of 
higher abelian gerbes. 
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On the circle S 1 , the gauge transformation group of a principal bundle with 
connected structure group is often identified with a loop group. As is well-known 
\2'6\ . the loop group of a compact Lie group has non-trivial central extensions 
by T. Let LT denote the universal central extension of the loop group LT = 
C°°(S 1 , T). In 6 , Brylinski and McLaughlin provided geometric constructions 
of a central extension of LT = H 1 (S 1 , Z(l)g') which is isomorphic to LT/Z2. 
We can describe one of their constructions, using only basic tools of smooth 
Deligne cohomology. As a straight generalization of the description, we can 
construct a central extension of H n+1 (M, Z(n + by T for any compact 

oriented smooth (2n + l)-dimensional manifold M, which is the subject of this 
paper. 

We explain the construction more precisely. The basic tools we use are the 
cup product and the integration for smooth Deligne cohomology. Let X be a 
smooth manifold. The cup product is a natural homomorphism 

U : H*(X, Z(p)£) ® z W(X, Z(g)g) — > Z(p + q)%) 

which is associative and (graded) commutative ^2 • For the integration to 
be considered, we suppose that X is a compact oriented smooth d-dimensional 
manifold without boundary. Then the integration is a natural homomorphism 

/ : ff d+1 (X,Z(d+l)^) — ►K/Z. 

By using Cech cohomology, we can describe the operations above explicitly. 

Let n be a non-negative integer fixed. We put Q(X) = H n+1 (X, Z(n + 1)^) 
for a smooth manifold X. For a compact oriented smooth (2n + l)-dimensional 
manifold M without boundary, a group 2-cocycle Sm '■ G(M) x Q{M) — ► R/Z 
is given by Sm(J, g) = J M f Up. Now we define a central extension £?(M) to be 
the set G(M) x T endowed with the group multiplication 

(f,u) ■ {g,v) = (/ + g,uvexp2TriS M (f,g))- 

In general, we can make Q{M) and Q(M) into infinite dimensional Lie groups. 
However, to avoid discussion not essential to our aim, we will not treat such Lie 
group structures in this paper. 

One result of this paper is the (non-)triviality of Q{M) as a central extension 

of g{M). 

Theorem 1. Let n be a non-negative integer, and M a compact oriented smooth 
(2n + 1) -dimensional manifold without boundary. 

(a) If n = 2k, then 0(M) is non-trivial. 

(b) Ifn = 2k + 1, then Q(M) is trivial. 

As a consequence, we obtain non-trivial central extensions in the case that 
the dimension of M is 1, 5, 9, .... In particular, when n = and M — S , we 
recover the central extension LT/Z2. 
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The other result of this paper is an analogue of the Segal- Witten reciprocity 
law |I3||)], which is a basic property of central extensions of loop groups. To 
state our result, we introduce the following complex of sheaves on a smooth 
manifold X: 

where A£. is the sheaf of germs of C-valued differential q-forms. We can think of 
the hypercohomology H q (X, Z(p)g" c ) as a complcxification of H q (X,Z(p)p). 
When a positive integer n is fixed, we put Q(X)c = H n+1 (X, 7L(n + 1)™ C ) for 
a smooth manifold X. 

Suppose that n is even. We put n = 2k. If M is a compact oriented smooth 
(4fc+ l)-dimensional manifold without boundary, then a construction similar to 
that of G(M) provides a non-trivial central extension Q(M)c of Q(M)c by C* = 
C — {0}. Let W be a compact oriented smooth (4fc + 2)-dimcnsional manifold 
with boundary. Then we obtain a homomorphism r : G(W)c —> G(dW)c by the 
restriction, and a central extension r*G(dW)c of G(W)c by the pull-back. 

Notice here that there exists an epimorphism S : G(W)c —* A 2k+1 (W, C)z 
in general, where A 2k+1 (W, C)z is the group of C-valued closed (2k + l)-forms 
on W with integral periods. Suppose that W is equipped with a Riemannian 
metric. Because the Hodge star operator on (2k + l)-forms satisfies ** = — 1, 
we can introduce a subgroup G(W)c m G(W)c by 

Q(W)+ = {fe G(W) C \ 5(f) - i * 5(f) = 0}. 

The generalization of the Segal- Witten reciprocity law in this paper is: 

Theorem 2. Let k be a non-negative integer, and W a compact oriented smooth 
(Ak + 2) -dimensional Riemannian manifold with boundary. Then r*G(dW)c 
splits over the subgroup Q(W)q. 

1 »- C* *- r*G(dW) c »- G(W) C 1 

"v 

In the case of k = 0, a Riemannian metric on W makes W into a Riemann 
surface, and G(W)g is isomorphic to the group of holomorphic C*-valued func- 
tions on W. Hence Theorem |21 recovers the usual Segal- Witten reciprocity law 
for LT/Z 2 in this case. 

We remark that the Segal- Witten reciprocity law and positive energy rep- 
resentations |23| of a central extension of a loop group are used in a (for- 
mal) definition of the space of conformal blocks in Wess-Zumino- Witten model. 
This motivates us to construct infinite dimensional representations of G(M) for 
n = 2k > 0, and a construction will be given in a subsequent paper |14| . 
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The present paper is organized as follows. In Section [3 we review smooth 
Deligne cohomology. We explicitly give the cup product and the integration. 
Though unnecessary to prove the results of this paper, geometric interpretations 
of smooth Deligne cohomology are formally explained in the section. In Section 
[3] we construct the central extension Q(M), and prove the (non-)triviality (The- 
orem [inland Theorem 13. 8|) . Finally, in Section 0] we prove the generalization 
of the Segal- Witten reciprocity law. 

2 Smooth Deligne cohomology 

We recall here the definition of smooth Deligne cohomology ^3 ■ The cup 
product and the integration are introduced by using Cech cohomology. We also 
explain geometric interpretations of smooth Deligne cohomology groups in a 
formal fashion. 

2.1 Definition of smooth Deligne cohomology 

Let X be a smooth manifold. For a non-negative integer q, we denote by A q 
the sheaf of germs of R- valued differential q-forms on X. 

Definition 2.1. For a non-negative integer p, we define the smooth Deligne 
complex Z(p)p to be the following complex of sheaves: 

Z(p)<g : Z — > A -^-> A 1 -^-> U A?- 1 — ► — ► • • • , 

where Z is the constant sheaf and is located at degree in the complex. The 
smooth Deligne cohomology group H q {X 1 'L{p)^) of a smooth manifold X is 
defined to be the hypercohomology of Z(p)g\ 

Remark 1. There are several definitions of smooth Deligne cohomology. For 
instance, one can use the following complex of sheaves: 

T ^>° S A 1 -^-» • • ■ -^-> A?- 1 —>()—>•.., 

where T is the sheaf of germs of T- valued smooth functions. The complex of 
sheaves is quasi-isomorphic to Z(p)g", and its hypercohomology is isomorphic 
to H q {X, Z(p)g>) under a degree shift. 

Remark 2. The smooth Deligne cohomology H P (X, Z(p)g") is isomorphic to the 
group of differential characters introduced by Cheeger and Simons [7|. For this 
fact, we refer the reader to |4l 

For later convenience, we describe H q (X, Z(p)g") as a Cech cohomology. We 
write (Z(p)g')^] for the sheaf located at degree j in the complex Z(p)g", and 
d : (Z(p)£)0 -> (Z(p)^)b +1 l for the coboundary operator. When an open 
cover it = {U a } a ,=vi of X is given, we put 

&*= n T(u ao ... aj ,(z( P )^), 
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where U ao ... ai — U ao fl • • ■ fl U ai . Let 5 : C IJ — * C i+1 ' 3 b e the Cech coboundary 
operator, and d : C % ' 3 — ► C l ' J+1 the coboundary operator induced by that on 
Z(p)g>. From the double complex (C 1,3 ', 6, d), we construct a single complex 
(C p (U.,Z(p)<g),D) by setting C*«(il,Z(»~) = © F , +J C IJ . As a convention of 
this paper, we define the total coboundary operator to be D = 5 + (— l) l d on 
the component C 1 ' 3 . 

We denote by H q (il 7 Z(p)p) the cohomology of the total complex. Then the 
hypercohomology H q (X, Z(p)g") is defined to be 

ff«(X,Z(p)S) = fimi^(U,Z(p)£), 

where the direct limit is taken over the ordered set of open covers of A. As is 
well-known, if H is a good cover PIE] of A, then H q (X, Z(p)^) is isomorphic 
to the Cech cohomology Z(p)g). 

It is easy to see that H q (X, Z(O)g') is naturally isomorphic to the cohomology 
with integer coefficients H q (X,Z) for all q. 

Proposition 2.2 (|_4|). Let p be a positive integer. 

(a) IfO<q<p, then H q (X, Z(p)g>) = H"- X {X,R/Z). 

(b) If p — q, then H p {X,Z{p) ( ^) fits into the following exact sequences: 

0^H p -\X,R/Z) H p (X,Z(p)%) -i A p (X) z ^0, (1) 
-» A p - 1 (X)/A p - 1 (X) z A H p (X,Z(p)%) ^ H p (X,Z) -> 0, (2) 

where A q (X) is the group of q-forvns onX, andA q (X)z C A 9 (A) is i/ie subgroup 
of closed integral q-forms. 

(c) Ifp < q, then H"(X,Z(p)^) = H q (X,Z). 

Proof. We can readily show the proposition by using the natural spectral se- 
quences associated with the double complex C p,q , a partition of unity and the 
Poincare lemma |3 E]- □ 

It would be worth while expressing the homomorphisms 5, i and \ in Propo- 
sition |221(b) by using Cech cohomology. We write a p-cochain as 

(n ao ... ap ,u° ao ... ap _ t , . . . , uP- 1 ) g C p (il, Z(p)S). 

The homomorphisms are expressed as 

S : H p (il, Z(p)£) - AP(A) Z , «5([n,u; , . . . , u^" 1 ]) = d^" 1 , 

l : ^- 1 (A)/^" 1 (A) Z - Z(p)£), - [(0, . . . , 0, wlt/J], 

X : Z(p)g) - ff p (H, Z) X ([n, cj°, . . . , c^' 1 ]) = [(n)]. 

Lemma 2.3. If X is compact, then there exists a splitting a : H P {X,Z) — > 
H p (X,Z(p) ( £) of the exact sequence 0), so £/iaf £/iere is an isomorphism of 
abelian groups 

I : (A^ 1 (A)/AP- 1 (A) Z ) x flfpr.Z) -> H p (X,Z(p)%). (3) 
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Proof. Since X admits a finite good cover H P (X,Z) is finitely generated. 
Now the lemma follows from the fact that A p - 1 (X)/A p ~ 1 (X)z is divisible. (An 
abelian group A is said to be divisible, if the assignment a i— > na gives an 
epimorphism A — > A for each n G N.) □ 



2.2 Cup product 

As in the case of ordinary cohomology groups, smooth Deligne cohomology 
groups also have an operation called the cup product, due to Beilinson (PP). In 
[41 111], the cup product is induced from a product on the complexes 

U: Z(p)S®zW^% + C- 

Using the resulting description on the level of Cech cocycles, we introduce here 
the cup product on smooth Deligne cohomology. 

Let it = {U a } be an open cover of X. For cochains 

(fcao-ap.C-.ap_x, ■ ■ • ' O £ Z(p)g), 

(m ao ... a „ C-.^-x » • • • > O e c 9 (it, Z(?)^), 

we define (n, to , . . . , l^" 1 ) e C p+q (il,Z(p + q)%) by 

'T-Qo-'-op+g k ao ... ap m ap ... ap+q , 
lo° — k 9° 



p+ 9 -l p-1 . jaq-l 

If we put (fcjT ,...,^- 1 ) U (to,^ ,...,^- 1 ) = (n,^ ,...,-^- 1 ), then we 
have a homomorphism 

U: C p (iX,Z(p)%)® z Ci(ii,Z(q)%) -^_>+«(il,Z(p + (4) 

Definition 2.4. We define the cup product on smooth Deligne cohomology to 
be the homomorphism 

U : W\X, Z(p)S) ®z Z(g)S) — Z(p + q)%) 

induced from 

The cup product is independent of the choice of it, and gives rise to a natural 
homomorphism. It is known that the cup product is associative: (f p U f q ) U/ r = 



G 



fp U (f q U f r ), and is (graded) commutative: f p U f q = (—l) pq f q U f p , where 
fi G H l (X,Z(i)p) for i = p,q,r. We note that the cup product on smooth 
Deligne cohomology groups is compatible with the wedge product of differential 
forms and with the cup product on ordinary cohomology groups, through the 
homomorphisms in Proposition ^. 21 



2.3 Integration 

Integration formulae for smooth Deligne cohomology by using Cech cocycles 
were first described by Gawedzki 12 for low dimensional manifolds. The inte- 
gration formula in this subsection is derived from a general result in |15) . 

Let X be a compact oriented smooth d-dimensional manifold possibly with 
boundary. Then X admits a triangulation (see |191 12l)p. For an open cover 
it = {U a } Q £2i of X, we consider a pair (K, </>) consisting of a triangulation K of 
X and a map <fi : K — > 21 such that a C for all a G K, where 4> a G 21 is the 
image of a under <f>. 

For i = 0, . . . , d we define the set of flags of simplices Fk{i) by 

F K (i) = {a=(a d -\...,a d )\ a v G K, dima p =p, a 4 -* C • • ■ C a d }. 
For a pair (K, 0) and (n, w°, . . . , ui d ) G C d+1 (U, Z(d + we put 

d 



f (n,u/\...,u;*)=£ E / 

J(K,<j>) „-_r, ^ ,.-N Jct 



i=0 ffeFjc(i) ' 



where the integration J d-i uses the orientation of a d 1 induced by that of X 
along the flag a % C • • • C <r d . The following lemma is derived from |15|: 

Lemma 2.5. Let X be a compact oriented smooth d- dimensional manifold, 
(a) If f = (m, uj ,..., u d ) G Z d+1 (il, Z(d + l)g>) is a cocycle, then we have 



I f - f f= E Ec- 1 )" 

J{K U ^) J(K ,4>°) 5&FK{d)n=0 



m rp° d —tl>° n il/ 1 „—i> 1 - 

in £/ie formula above, K is a common subdivision of Kq and K\ , and we defined 
ip l : K — > 21 by tjj^ = <j) 1 o ii (a) , where Li (a) G iij is the simplex of the smallest 
dimension such that a C li(cr). 

(b) Fori) = (k,^,...,^- 1 ) G C d (U,Z(d + l)g) we Ziaue 

/ / 5 = (-l) d E k K,-^o, 

J{K,4>) J&KM) 3eF K (d) 

where (dK, dip) is the pair obtained by restricting {K, <fi) to the boundary. 
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Definition 2.6. Let X be a compact oriented smooth d-dimensional manifold 
without boundary. We define a homomorphism 

/ : H d+1 (X,Z(d + 1)%) -» K/Z 

as follows. First, we take a good cover il of X and a pair (K,(f>). Next, for a 
class / G H d+1 (X,Z(d + ^ H d+1 (U,Z(d + 1)°°), we take a representative 
/ G i d+1 (il,Z(d + l)g>). Finally, we put J x f = J (K ^ f mod Z. 

By Lemma 12.51 we can see that the integration is defined consistently and 
gives rise to a natural homomorphism. 

Lemma 2.7. (a) Let X be a compact oriented smooth d-dimensional manifold 
without boundary. We take non-negative integers p and q such that p + q = d. 
Forae AP(X)/AP(X) Z and f G W(X,Z(q)%), we have 

[ i(a)Uf= [ aAS(f) mod Z. 
Jx Jx 

In particular, we have J x i(a) — f x a mod Z for a G A d (X)/A d (X)%. 

(b) Let W be a compact oriented smooth (d + I) -dimensional manifold with 
its boundary dW . For f G H d+1 (W, Z(d + 1)%), we have 

/ f\dw = I 6(f) mod Z. 
Jdw Jw 

Proof. By the definition of the cup product, we have i(a) U / = t(a A 6(f)) 
in HP+i +1 (M,Z(p + q+ l)g>). Hence we obtain (a) by the definition of the 
integration. To prove (b), we define a homomorphism ip : Z d+1 (il, Z(d + 1)^) — > 
(7 d+1 (il, Z(d + 2)£) by = /. Then we have D^(/) - (0, . . . , 0, 6(f)). An 
application of Lemma 12. 51 (b) completes the proof. □ 

2.4 Geometric interpretation 

In this subsection, we formally account for the two geometric interpretations of 
smooth Deligne cohomology groups mentioned in Section ^ 

To begin with, we recall a geometric interpretation of the cohomology groups 
with coefficients in Z. 

Proposition 2.8 (see [31 \E\ ) . Let X be a smooth manifold. 

(a) The group of isomorphism classes of principal T -bundles over X is iso- 
morphic to H 2 (X,Z). 

(b) The group of isomorphism classes of abelian gerbes over X is isomorphic 
to H 3 {X, Z). 

(c) The group of isomorphism classes of abelian 2-gerbes over X is isomor- 
phic to ff 4 (X,Z). 
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Remark 3. Theory of gerbes was introduced by Giraud originally in a con- 
text of non-abelian cohomology. However, in this paper, we restrict ourselves 
to an abelian case: the abelian gerbes in Proposition ^. 81 (b) mean gerbes bound 
byT (^ElEi)j or their equivalent constructs (^OE])- Similarly, the abelian 
2-gerbes in Proposition ^. 81 (c) mean 2- gerbes bound by T 

We can identify the space of connections on a principal T-bundle over X 
with the space of 1-forms A 1 (X). It is known that abelian gerbes (and equiva- 
lent constructs) admit a notion of connections llfil l2*T] . and we can identify 
the space of connections on an abelian gerbe over X with the space of 2-forms 
A 2 (X). When we take these connections into account, the following classifica- 
tion is possible: 

Proposition 2.9 ( |i4ll5| ) . Let X be a smooth manifold. 

(a) The group of isomorphism classes of T-bundles with connection over X 
is isomorphic to H 2 {X,Z(2)%). 

(b) The group of isomorphism classes of abelian gerbes with connection over 
X is isomorphic to H 3 (X, Z(3)g>). 

Remark 4. Strictly, there are two types of connections on abelian gerbes: con- 
nective structure and curving [I]. However, the lower one (connective structure) 
does not matter in the classification. So, as connections on abelian gerbes, we 
talk about curvings only. 

So far, we reviewed rigorous facts. In an attempt to generalize these facts, the 
notion of "higher abelian gerbes" arises. (See |E1E3 f° r example.) Translating 
Proposition 12 .81 word by word, we have a formal claim: 

"The group of isomorphism classes of abelian n-gerbes over X is 
isomorphic to H n+2 (X, Z)." 

This naive understanding of abelian n-gerbes suffices for this paper. In a similar 
way, we obtain one of the geometric interpretations of smooth Deligne cohomol- 
ogy groups as the following formal claim: 

"The group of isomorphism classes of abelian n-gerbes with connec- 
tion over X is isomorphic to H n+2 (X,Z(n + 2)g>)." 

Granting these claims, we can also find geometric meaning of some related 
cohomology groups and homomorphisms: we can think of the homomorphism 
S : H n+2 (X,Z(n + 2) c g) -» A n+2 (X) Z as the operation of taking the "curva- 
ture" of a connection on an abelian n-gerbe. The H n+1 (X,R/Z) classifies the 
"flat abelian n-gerbes," and H n+1 (X,R)/H n+1 {X,Z) the "flat connections" on 
a fixed abelian n-gerbe. The integration in Subsection 12.31 admits the interpre- 
tation as taking the "holonomy" of a connection on an abelian n-gerbe around 
the (n + l)-dimensional manifold X. 

Now we deduce the other geometric interpretation of smooth Deligne coho- 
mology groups from the geometric interpretation above. Consider the following 
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exact sequence of groups obtained by combining the homomorphisms in Propo- 
sition E2(b): 

H n+1 (X 7 Z(n + l)^) A n+1 (X) H n+2 (X,Z(n + 2)^) ^ H n+2 (X 7 Z). 

A plausible claim would be that "the space of connections on an abelian n-gerbe 
over X is identified with A n+1 (X)." Then the exactness at the second term sug- 
gests that H n+1 (X, Z(n + 1)^) acts on the space of connections on an abelian 
n-gerbe leaving the isomorphism class of the underlying abelian n-gerbe fixed. 
So we can interpret the smooth Deligne cohomology group H n+1 (X, Z(n + 
as the "gauge transformation group of an abelian n-gerbe." 

In the case of n = 0, there is a natural isomorphism H 1 (X, Z(l)g') = 
C°°(X,T). This is nothing but the gauge transformation group of a princi- 
pal T-bundle (abelian 0-gerbe) over X, and the interpretation is justified. In 
the case of n = 1, we can also justify the interpretation by taking a partic- 
ular geometric model of an abelian gerbe, such as in ^3 [22]. Whatever 
model we take, we find that a principal T-bundle gives an "automorphism of 
an abelian gerbe," and that a principal T-bundle with connection transforms 
connections on the abelian gerbe. Taking the isomorphism classes of principal 
T-bundlcs with connection, we recover the smooth Deligne cohomology group 
H 2 (X,Z(2)%) by Proposition El (a). 

3 Central extensions 

In this section, we construct central extensions of smooth Deligne cohomology 
groups, and prove Theorem ^ in Section as Theorem 13.51 and 13.81 

Throughout this section, n denotes a fixed non-negative integer, M a com- 
pact oriented smooth (2n + l)-dimensional manifold without boundary, and 
G(M) the smooth Deligne cohomology group Q(M) = H n+1 (M,Z(n + l)g). 

3.1 Construction of central extensions 

Definition 3.1. We define a group 2-cochain S M : Q(M) x Q(M) -> R/Z by 
Sm(J, g) = } M f U g, where U and J M are the cup product and the integration 
for smooth Deligne cohomology, respectively. 

Lemma 3.2. The group 2-cochain Sm is a cocycle, i.e. we have 

SM(f,g) + S M (f + g,h) = S M (f,g + h) + S M (g,h) 

for f,g,heg(M). 

Proof. This lemma is clear because the cup product and the integration for 
smooth Deligne cohomology are homomorphisms. □ 

Definition 3.3. We define a group Q(M) by the set Q(M) x T endowed with 
the group multiplication given by (/, u) ■ {g, «) = (/ + g, uv exp 2iriSM(f, g))- 
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By definition, the group Q(M) is a central extension of Q(M) by T: 

i ► t ► g(M) > g(M) ► 1, (5) 

where homomorphisms T — > Q(M) and Q(M) — » C/(Af) are given by u i— » (0, it) 
and (/, u) \— > /, respectively. 

Lemma 3.4. TTie commutator of (f,u),(g,v) E £7(M) is 

[(/, u), (, 9 , w)] = (0, exp 2™ <?) - SW(<?, /)}) . . 

= (0,exp27rt(l + (-l) n )5M(/, S )). 

Proof. We can verify the first line in the formula using that the inverse element 
of (f,u) G G(M) is (f.u)- 1 = (-/>-! exp 27riSM (/,/))• The second line 
follows from the graded commutativity of the cup product. □ 



3.2 Non-triviality in the case of n even 
Theorem 3.5. If n is even, then Q(M) is non-trivial. 

Proof. Clearly, a trivial central extension of an abelian group is abelian. Thus, 
it suffices to show that Q(M) is a non-abelian group. By ©, the group Q(M) is 
non-abelian if and only if there are elements f,g€ Q(M) such that 2Sm (/, g) ^ 
in R/Z. Let a 6 A n {M) be an n-form on M such that da ^ 0. If we take 
a Riemannian metric g on M, then there is an (n + l)-form /3 on M such that 
a = d*{3 = — *d*/3 by the Hodge decomposition theorem [21]. Note that 

Sm(ck, — */?) = / a)(ivol s mod Z. 

We can take r 6 K so that 2r 2 J M 5(0;, a)dvol g ^ Z. Thus we have 2Sm (/, .9) 7^ 
taking /, 5 as ra, -r */3 e A n (M)/ J 4 n (M) z c G{M), respectively. □ 

If n = and M = S 1 = T, then GiS 1 ) is naturally isomorphic to the free 
loop group LT. In this case, we can derive the non-triviality of GiS 1 ) from a 
result of Brylinski and McLaughlin 

Proposition 3.6. The central extension GiS 1 ) is isomorphic to LT/Z2, where 
LT is the universal central extension of LT. 

Proof. First of all, we describe the group 2-cocycle defining the universal central 
extension of LT given in for a loop / : S 1 — > T, we can find a map 

F : R -> R such that / = e 2 ™ F . We put A F = F(l) - F(0) and F = J* F(t)dt. 
The group 2-cocycle c : LT x LT — > R/Z defining LT is 

c(/, .9) - ~ F ^^ dt + + Af(G - G(0))| , 
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and that defining LT/Z2 is 2c. Next, we express Sm(/, <?) in terms of F and G. 
By taking a good cover and a triangulation of S , we perform a computation 
along the definition to obtain the following formula given in [H|: 

SM(f,g) = J Q F(t)—(t)dt-A F G(0). 

Finally, we introduce a group 1-cochain T : LT -> R/Z by T(f) = A F F. 
Then we obtain an equality of 2-cocycles Sm — ST = 2c, where (ST) (/, g) = 
T(g) — T(fg) + T(f). Hence the central extensions determined by Sm and 2c 
are isomorphic. □ 

Remark 5. An interesting problem would be whether we can construct in a 
uniform way a central extension Q(M) of Q(M) such that §(M)/Z 2 = G{M) 
for n — 2k > 0. Such a central extension would play roles similar to those of 
the universal central extension LT. 



3.3 Triviality in the case of n odd 

In this subsection, we suppose that n = 2k + 1. 

Recall the isomorphism of abelian groups given in Lemma 12.31 

{A 2k+1 {M)/A 2k+1 {M)z) x H 2k+2 (M,Z) ^ Q(M). 

Taking the splitting a : H 2k+2 (M 7 Z) -> Q (M) inducing the isomorphism above, 
we obtain the following expression of the 2-cocycle Sm by Lemma 12.71 

S M ((a,c),(a,c')) = aAda'+ {aA5(<r(c'))+a' AS(a(c))}+ a(c)Ua(d). 

JM JM JM 

Lemma 3.7. There is a map r : H 2k+2 (M,Z) -> R/Z such that 
/ (t(c)Uct(c') =t(c + c') -t(c) -r(c'). 

Proof. Wc define an abelian group £ to be the set H 2k+2 (M, Z) x (R/Z) endowed 
with the group multiplication (c, r) + (c', r') = (c + c', r + r' + J M a(c) U cr(c')). 
Then E is an extension of H 2k+2 (M,Z) by R/Z: 

> R/Z ► B > H 2k+2 (M,Z) > 0. 

Because H 2k+2 (M,Z) is finitely generated and R/Z is divisible, the exact se- 
quence above admits a splitting. Such splittings s : H 2k+2 (M,Z) — > E 1 corre- 
spond bijectively to the maps r in the present lemma via s(c) = (c, t(c)). □ 

Theorem 3.8. If n is odd, then Q(M) is trivial. 
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Proof. Using the splitting a and the map t, we define T : Q(M) — > R/Z by 
T(a, c) = ~ / a A da + [ a A S(a(c)) + r(c) mod Z. 

Note that \ J M a A da 6 R/Z is well-defined for a e A 2fe+1 (M)/A 2fe+1 (M) Z 
because of the Stokes theorem. A straightforward calculation shows Sm(/, <?) = 
^(/ + .9) - T (f) ~ T (g)> which implies that Q(M) is trivial. □ 

Remark 6. By the help of a result of Hopkins and Singer (Corollary 2.18, 
p. 17), we can also take a map T : Q(M) — > R/Z such that S\i(f,g) = T(f + 
g) — T(f) — T(g), provided some conditions on the (4k + 3)-manifold M. 

4 Reciprocity law 

In this section, we prove our analogue of the Segal- Witten reciprocity law for 
the central extension Q(M). 

4.1 Complexification 

Definition 4.1. Let X be a smooth manifold. For a non-negative integer p, we 
define a complex of sheaves Z(p)g" c by 

where A£. is the sheaf of germs of C- valued differential q-forms. 

The hypercohomology group H P (X, Z(p)p C ) fits into exact sequences similar 
to and J2J in Proposition 12. 21 

-» ^- X (X,C/Z) -» HP{X,Z(p)™ c ) -i AP(X,C)z -» 0, (7) 
o -» Af-^^q/Af-^^Qz ^> HP(X,Z(p)f; c ) HP{X,Z) -» 0, (8) 

where j4 9 (X, C) denotes the group of C-valued q-forms on X, and A 9 (X, C)z 
the subgroup of closed integral q-forms. The formula for the cup product on 
i? p (X,Z(p)g) induces 

U : iP(X, Z(p)^ c ) ® z Z(g)g >c ) - Z(p + q)^ c ). 

Similarly, the integration formula for H p (X,Z(p)p) induces 

/ :H d+1 (X,Z(d+l)^ c )^C/Z, 
Jx 

where X is supposed to be a compact oriented smooth d-dimensional manifold 
without boundary. 
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Now we put Q(X)c — H n+1 (X, Z(n + 1)dc) f° r a non-negative integer 
n and a smooth manifold X. If M is a compact oriented smooth (2n + 1)- 
dimensional manifold without boundary, then we can define a group 2-cocycle 
S M ,C ■ G(M) C x g(M) c C/Z by S M , c (J,g) = J M fU 9- Accordingly, we 
obtain a central extension Q(M)c of Q(M)c by C* = C — {0}: 

i > c* > g(M) c ► g(M) c > i. 

If n is even, then Q(M)c is a non-trivial central extension as well. 
4.2 Chiral and anti-chiral subgroups 

Let k be a non-negative integer, W a compact oriented smooth (4k + 2)- 
dimcnsional manifold possibly with boundary, and g a Riemannian metric on 
W. The Hodge star operator * : A 2k+1 (W, C) -> A 2fc+1 (W, C) satisfies ** = -1. 
Thus, we have the following eigcnspace decomposition: 

A 2k+1 (W,C) = A 2k+1 (W,C)+ ®A 2k+1 (W,C)-, (9) 

where A 2k+1 (W 1 <C) ± = 6 A 2fc+1 (VK, C) wTi*w = 0}. 

Notice that any Riemannian metric conformally equivalent to g induces the 
identical Hodge star operator on A 2k+1 (W, C), so that the decomposition J3J is 
invariant under conformal transformations. 

Definition 4.2. Let k be a non-negative integer, and W a compact oriented 
smooth (4k + 2)-dimensional Riemannian manifold possibly with boundary. We 
define the chiral subgroup Q(W)^ and the anti-chiral (achiral) subgroup Q(W)^ 
in the cohomology group G(W) C = H 2k+1 (W, Z(2k + l)^ c ) to be 

S(W)% = {/ e G(W) C \ 6(f) T i * 5(f) = 0}. 

It is easy to see that G(W)£ n G(W)^ = H 2k (W,<C/Z). Since the Hodge 
star operator on A 2k+1 (W, C) is invariant under conformal transformations, so 
are the subgroups G(W) C . 

In the case of k = 0, a Riemannian metric on W induces a complex structure 
on W. Hence W is a Riemann surface. The group G(W)c is naturally identified 
with C°°(W,C/Z). For / : W -> C/Z, we have 

6(f) - * * 6(f) = 28 f, 5(f) + i * 6(f) = 2df. 

Thus, in this case, Q(W)^ is the group of holomorphic functions / : W — > C/Z, 
and Q(W)^. is the group of anti-holomorphic functions / : W — > C/Z. 

Remark 7. We call a 2fc-form w G A 2fc (VF,C) such that dcj G A 2fc+1 (VF,C)+ a 
chiral Ik-form (see A chiral 2fc-form induces an element belonging to the 

subgroup G(W)~X via the monomorphism in l|5)l. This is the reason that the 
subgroup 5(M)g is termed chiral. 
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4.3 Reciprocity law 

Let n be a non-negative integer. We suppose that n is even: n = 2k. Let 
W be compact oriented smooth (4k + 2)-dimcnsional manifold with boundary. 
Then there is a natural homomorphism r : G(W)c — * G(dW)c induced by the 
restriction to the boundary. 

If we pull the non-trivial central extension Q(dW)c back to G(W)c by r, 
then we obtain a central extension r* Q (dW)c of G(W)c- 

1 > C* > G(dW) c ► G(dW) c > 1 



1 > C* > r*G(dW) c > Q(W) C ► 1. 

Clearly, r*Q(dW)c is identified with G(W)c x C* as a set, and the group mul- 
tiplication is given by (/, u) ■ (g,v) = (f + g, uv exp 2m(r* S dw ,c{f , g)))- By the 
help of Lemma l2~71 the group 2-cocycle r*S w ,c ■ G(W) C X G(W) C -> C/Z has 
the following expression: 

r*S B wMg)= [ 6(f) A 5(g) mod Z. 
Jw 

Definition 4.3. Taking a Ricmannian metric on W, we define a map Ew ■ 

Ew(f ) = 7T / <>(/) A *£(/) = 2ttc / A . 

Jw Jw L L 

We can think of the following lemma as the "Polyakov-Wiegmann formula" 
for the "energy term" E w (f). 

Lemma 4.4. For f,g S G(W)c we have 

2iri(r*S dw , c (f g)) = E w (f + g) - E w (f) - E w (g) + T w (f g), 
where T w '■ G(W)c x G(W)c — > C is defined by 

r w (f, g) = m [ (6(f) - i * 6(f)) A (5(g) + i * 6(g)) . 
Jw 

Proof. By direct calculations, we obtain 

E(f + 5 ) - E(f) - E(g) = tt f (6(f) A *%) - *5(f) A %)) , 

iff 

2m(r*S WlC (f, g)) = wi f (6(f) A 6(g) + **(/) A *6(g)) . 
Jw 

These formulae establish the lemma. □ 
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Theorem 4.5. Let W be a compact oriented smooth (4fc + 2) -dimensional Rie- 
mannian manifold with boundary. Then the central extension r*Q(dW)c splits 
over the subgroup Q{W)^. 

1 >■ C* - r*g(dW) c — »- G(W)c *■ 1 

X. 

<S>W ~- 

G{W)+ 

Proof. Let us define a section $ w : G{W) C -> r*6(aW) c = Q{W) C x C* by 
setting $w(/) = (/, expE^C/"))- Then Lemma B3 leads to 

where the dot means the multiplication in r*Q(dW)c- By the definition of Tyy, 
we have T w (f,g) = for / € 0(W)£. Hence $ w : Q(W)+ -» r*<7(flW0c gives 
rise to a splitting of the central extension. □ 

Note that r*Q(dW)c also splits over the subgroup Q(W)^. 

As is remarked in Section ^ in the case where k = and W is a Riemann 
surface, the theorem above recovers the Segal- Witten reciprocity law for the 
central extension LT/Z2. (See |5J|B].) 

Acknowledgment. I am grateful to T. Kohno and M. Furuta for valuable discus- 
sion and useful suggestions. 

References 

[1] A. A. Bcilinson, Higher regulators and values of L-functions J. Soviet 
Math. 30 (1985), 2036-2090. 

[2] R. Bott and L. Tu, Differential forms in algebraic topology. Graduate 
Texts in Mathematics, 82, Springer- Verlag, New York-Berlin, 1982. 

[3] L. Breen, On the classification of 2-gerbes and 2-stacks. Asterisque No. 
225 (1994), 160 pp. 

[4] J-L. Brylinski, Loop spaces, Characteristic Classes and Geometric Quan- 
tization. Birkhauser Boston, Inc., Boston, MA, 1993. 

[5] J-L. Brylinski and D. A. McLaughlin, The geometry of degree-four char- 
acteristic classes and of line bundles on loop spaces. I. Duke Math. J. 75 
(1994), no. 3, 603-638. 

[6] J-L. Brylinski and D. A. McLaughlin, The geometry of degree-A charac- 
teristic classes and of line bundles on loop spaces. II. Duke Math. J. 83 
(1996), no. 1, 105-139. 



16 



[7] J. Cheeger and J. Simons, Differential characters and geometric invari- 
ants. Lecture Notes in Math. 1167(1985), Springer Verlag, 50-80. 

[8] A. L. Carey, M. K. Murray and B. L. Wang, Higher bundle gerbes and 
cohomology classes in gauge theories. J. Geom. Phys. 21 (1997), no. 2, 
183-197. 

[9] P. Deligne and D. S. Freed, Classical field theory. Quantum fields and 
strings: a course for mathematicians, Vol. 1, 2 (Princeton, NJ, 1996/1997), 
137-225, Amer. Math. Soc, Providence, RI, 1999. 

[10] J. L. Dupont and F. W. Kamber, Gerbes, simplicial forms and invariants 
for families of foliated bundles. math.DG/0308076 

[11] H. Esnault and E. Viehweg, Deligne-Beilinson cohomology. Beilinson's 
conjectures on special values of L-functions, 43-91, Perspect. Math., 4, 
Academic Press, Boston, MA, 1988. 

[12] K. Gawedzki, Topological actions in two-dimensional quantum field the- 
ories. Nonperturbative quantum field theory (Cargese, 1987), 101-141, 
NATO Adv. Sci. Inst. Ser. B Phys., 185, Plenum, New York, 1988. 

[13] J. Giraud, Cohomologie non-abelienne. Grundl. 179, Springer Verlag 
(1971). 

[14] K. Gomi, Projective unitary representations of smooth Deligne cohomology 
groups, in preparation. 

[15] K. Gomi and Y. Terashima, Higher- dimensional parallel transports. Math. 
Res. Lett. 8 (2001), no. 1-2, 25-33. 

[16] N. Hitchin, Lectures on special Lagrangian submanifolds. Winter School on 
Mirror Symmetry, Vector Bundles and Lagrangian Submanifolds (Cam- 
bridge, MA, 1999), 151-182, AMS/IP Stud. Adv. Math., 23, Amer. Math. 
Soc, Providence, RI, 2001. 

[17] M.J. Hopkins and I.M. Singer, Quadratic functions in geometry, topol- 
ogy, and M-theory. |math.AT/0211216| 

[18] B. Kostant, Quantization and unitary representations. I. Prequantization. 
Lectures in modern analysis and applications, III, pp. 87-208. Lecture 
Notes in Math., Vol. 170, Springer, Berlin, 1970. 

[19] J. W. Milnor and J. D. Stashcff, Characteristic classes. Annals of Math- 
ematics Studies, No. 76. Princeton University Press, Princeton, N. J.; 
University of Tokyo Press, Tokyo, 1974. 

[20] J. R. Munkres, Elementary differential topology. Lectures given at Mas- 
sachusetts Institute of Technology, Fall, 1961. Revised edition. Annals of 
Mathematics Studies, No. 54 Princeton Univ. Press, Princeton, N.J. 1966. 



17 



[21] M. K. Murray, Bundle gerbes. J. London Math. Soc. (2) 54 (1996), no. 2, 
403-416. 



[22] M. K. Murray and D. Stevenson, Bundle gerbes: stable isomorphism and 
local theory, J. London Math. Soc. (2) 62 (2000), no.3, 925-937. 

[23] A. Pressley and G. Segal, Loop groups. Oxford Mathematical Monographs. 
Oxford Science Publications. The Clarendon Press, Oxford University 
Press, New York, 1986. 

[24] F. W. Warner, Foundations of differ entiable manifolds and Lie groups. 
Corrected reprint of the 1971 edition. Graduate Texts in Mathematics, 
94. Springer- Verlag, New York-Berlin, 1983. 

[25] A. Weil, Introduction a V etude des varietes kahleriennes. Publications de 
l'lnstitut de Mathematique de l'Universite de Nancago, VI. Actualites Sci. 
Ind. no. 1267. Hermann, Paris 1958. 

[26] E. Wittcn, Five-brane effective action in M-theory. J. Geom. Phys. 22 
(1997), no. 2, 103-133. 

Graduate school of Mathematical Sciences, University of Tokyo, 
Komaba 3-8-1, Mcguro-Ku, Tokyo, 153-8914 Japan, 
c-mail: kgomi@ms.u-tokyo.ac.jp 



18 



